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Abstract 

We generalize a theorem of Bismut-Zhang, which extends the Cheeger- 
Miiller theorem on Ray-Singer torsion and Reidemeister torsion, to the 
case where the flat vector bundle over a closed manifold carries a non- 
degenerate symmetric bilinear form. As a consequence, we prove the 
Burghclca-Haller conjecture which gives an analytic interpretation of the 
Turaev torsion. It thus also provides an analytic interpretation of (not 
merely the absolute value of) the Alexander polynomial in knot theory. 

1 Introduction 

Let F be a unitary flat vector bundle on a closed Riemannian manifold X. 
In |RSj , Ray and Singer defined an analytic torsion associated to (X, F) and 
proved that it does not depend on the Riemannian metric on X. Moreover, 
they conjectured that this analytic torsion coincides with the classical Reide- 
meister torsion defined using a triangulation on X (cf. [Mi j). This conjecture 
was later proved in the celebrated papers of Cheeger jUj and Miiller |Mulj . 
Miiller generalized this result in |Mu2j to the case where F is a unimodular 
flat vector bundle on X. In BZ1 , inspired by the considerations of Quillen 
|Q1| , Bismut and Zhang reformulated the above Cheeger-Miiller theorem as an 
equality between the Reidemeister and Ray-Singer metrics defined on the de- 
terminant of cohomology, and proved an extension of it to the case of general 
flat vector bundles over X. The method used in |BZlj is different from those of 
Cheeger and Miiller in that it makes use of a deformation by Morse functions 
introduced by Witten |Wj on the de Rham complex. 

On the other hand, Turaev generalizes the concept of Reidemeister torsion 
to a complex valued invariant whose absolute value provides the original Reide- 
meister torsion, with the help of the so-called Euler structure (cf. jT], jFTj ) . It 
is natural to ask whether there exists an analytic interpretation of this Turaev 
torsion. 

Recently, there appear two groups of papers dealing with explicitly this 



question. On one hand, Braverman and Kappeler [BrKl| [BrK2 define what 
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they call "refined analytic torsion" for flat vector bundles over odd dimensional 
manifolds, and show that it equals to the Turaev torsion up to a multiplication 
by a complex number of absolute value one. On the other hand, Burghelea 
and Haller BuHl , BuH2 , following a suggestion of Miiller, define a generalized 
analytic torsion associated to a nondegenerate symmetric bilinear form on a 
flat vector bundle over an arbitrary dimensional manifold and make an explicit 
conjecture between this generalized analytic torsion and the Turaev torsion. 

Both Braverman-Kappeler and Burghelea-Haller deal with the analysis of 
determinants of non-self-adjoint Laplacians. 

In this paper, we will follow the approach of Burghelea and Haller, which is 
closer in spirit to the approach developed by Bismut-Zhang in |BZ1| fBZ2 . 

Let F be a flat complex vector bundle over an oriented closed manifold. Let 
det H* (M, F) be the determinant line of the cohomology with coefficient F. 

We make the assumption that F admits a smooth fiberwise nondegenerate 
symmetric bilinear form. 1 

Following Farber- Turaev |FT| and Burghelea-Haller BuHl, BuH2|, one con- 
structs naturally a (nondegenerate) symmetric bilinear form on det H*(M, F). 
This resembles closely with the construction of the Ray-Singer metric in [BZ1 , 
where one replaces the symmetric bilinear form by a Hermitian metric on F. 
The main difference is that while the Ray-Singer metric is a real valued function 
on elements in det H*(M, F), the analytically induced symmetric bilinear form 
generally takes complex values on elements in det H* (M, F) . 

The main purpose of this paper is to generalize the main result in [BZlj 
to the current situation. That is to say, we establish an explicit compari- 
son result between the above analytically induced symmetric bilinear form on 
det H*(M,F) and another one, which is of Reidemeister type, constructing 
through a combinatorial way. We will state this result in Theorem Kill 

We will prove this result by the same method as in BZ1 . That is, by making 
use of the Witten deformation |Wj of the de Rham complex by a Morse function. 
However, since we are going to deal with complex valued torsion which arises 
from non-self-adjoint Laplacians (the non-self-adjoint property comes from the 
fact that we are dealing with symmetric bilinear forms instead of Hermitian 
metrics), we should take care at each step when we will proceed the analytical 
arguments in BZ1 . In particular, instead of generalizing each step in jBZlj to 
the non-self-adjoint case, we will make full use of the results in IBZlj and see 
what else one needs to do in the current case. It is remarkable that everything 
fits at last to give the desired result. 

The idea of using the Witten deformation to study symmetric bilinear tor- 
sions was mentioned before in |BuHlj . Moreover, an important anomaly for- 
mula for the analytically constructed symmetric bilinear forms on det H* (M, F) 
has been proved in [BuH2 . 

A direct consequence of our main result is that if M is of vanishing Eu- 
ler characteristic and we consider the Euler structure (introduced in (Tj) on 

1 In general, this might not exist. However, as indicated by Burghelea and Haller BuH2 , 
we can form a direct sum of copies of F to make such a symmetric bilinear form exists at least 
on the direct sum. 
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M, then we can prove the Burghelea-Haller conjecture |BuH2[ Conjecture 5.1] 
identifying a modified version of the above analytic symmetric bilinear form on 
det -£P(M, F) with the Turaev torsion, which is also interpreted as a symmetric 
bilinear form on det H* (M, F) . 

Since the Alexander polynomial of a knot in can be expressed by certain 
Turaev torsion (cf. jTj and |BuHll Section 7.3]), our result also provides a 
purely analytic interpretation of this famous invariant. This generalizes the 
previously known result which expresses the norm of the Alexander polynomial 
by the usual Ray-Singer torsion. 

The rest of this paper is organized as follows. In Section 2, we recall the 
basic definitions of various torsions associated with nondegenerate symmetric 
bilinear forms on a flat vector bundle, we also state an anomaly formula for the 
analytic torsion associated with nondegenerate symmetric bilinear forms on a 
flat vector bundle. In Section 3, we state the main result of this paper and 
provides a proof of it based on several intermediary technical results. Sections 
4 to 9 are devoted to the proofs of the intermediary results stated in Section 
3. In the final Section 10, we apply the main result proved in Section 3 to 
prove the Burghelea-Haller conjecture |BuH2l Conjecture 5.1] on the analytic 
interpretation of the Turaev torsion. Relations with the Braverman-Kappeler's 
refined analytic torsion BrKl - BrK4J are also discussed. 

Since we will make substantial use of the results in .BZl., we will refer 
to |BZlj for related definitions and notations directly when there will be no 
confusion. 

The main results of this paper have been announced in |SuZj . 

Acknowledgements The work of the first named author was partially sup- 
ported by the Qiushi Foundation. The work of the second named author was 
partially supported by the National Natural Science Foundation of China. 

2 Symmetric bilinear torsions associated to the de 
Rham and Thorn- Smale complexes 

In this section, for a nondegenerate bilinear symmetric form on a complex flat 
vector bundle over an oriented closed manifold, we define two naturally associ- 
ated symmetric bilinear forms on the determinant of the cohomology H* (M, F) 
with coefficient F. One constructed in a combinatorial way through the Thom- 
Smale complex associated to a Morse function, and the other one constructed in 
an analytic way through the de Rham complex. An anomaly formula essentially 
due to Burghelea-Haller |BuH2j of the later will also be recalled. 

2.1 Symmetric bilinear torsion of a finite dimensional complex 

Let (C*,d) be a finite cochain complex 

(2.1) (C*,d) :0 ^C 1 ^ ■■■ 9 ^ C n ^0, 

where each C l , < i < n, is a finite dimensional complex vector space. 
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Let 

n 

(2.2) H*(C*,d) = 0iT(C*,d), 

i=0 

be the cohomology of (C* , d). 
Let 

n 

(2.3) det(C*,d) = (g)(detC i ) ( " ir 

i=0 



(2.4) detiT (C*,0) = 0(det iT(C*, 9)) 



(-i) 1 

i=0 



be the determinant lines of (C*,d) and H*(C*,d) respectively. 

It is well-known that there is a canonical isomorphism (cf. |KM| and BGS , 
Section la)]) 

(2.5) det(C*,d) ~det#*(C*,d). 

Let each C l , < i < n, admit a nondegenerate symmetric bilinear form 
bi, then by (|2.3j) they induce canonically a symmetric bilinear form &det(c*,9) 
on det(C*,d), which in turn, via (|2.5[) . induces a symmetric bilinear form 
bdetB*{C*,d) on detIP(C*,<9). 

Definition 2.1. (cf. [FT], jBuHlj and |BuH2j l We call 6 det H * {c * id) the sym- 
metric bilinear torsion on det H* (C* , d) . 

Remark 2.2. If (C*,d) is acyclic, that is, H*(C*,d) = {0}, then &dct (c* ,<9) is 
identified as a complex number. 

Let Ai, < i < n, be an automorphism of C\ Then it induces a symmetric 
bilinear form b\ on C* defined by 

(2.6) b' i {x,y) = b i (A i x,A i y). 

^'detH*(c* d) De ^ e assoc i a t e d symmetric bilinear torsion on det H* (C* , d). 
The following anomaly result is obvious. 

Proposition 2.3. The following identity holds, 

h' n I 1 \i 

(2.7) W.<-,,. ll(dm,i,-' 

»det H*(C*,d) 
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2.2 Milnor symmetric bilinear torsion of the Thom-Smale complex 

Let M be a closed smooth manifold M, with dimM = n. For simplicity, we 
make the assumption that M is oriented (the non-orientable case can be treated 
in exactly the same way, with obvious modifications). 

Let (F, V F ) be a complex flat vector bundle over M carrying the flat connec- 
tion V^. We make the assumption that F carries a nondegenerate symmetric 
bilinear form b F . 

Let (F*,V F ) be the dual complex flat vector bundle of (F,V F ) carrying 
the dual flat connection V^*. 

Let / : M — > R be a Morse function. Let g™ be a Riemannian metric on 
TM such that the corresponding gradient vector field —X = — V/ 6 T(TM) 
satisfies the Smale transversality conditions (cf. |Sm| ) . that is, the unstable 
cells (of —X) intersect transversally with the stable cells. 

Set 

(2.8) B = {x G M;X(x) = 0}. 

For any let W u (x) (resp. W s (x)) denote the unstable (resp. stable) 

cell at x, with respect to —X. We also choose an orientation 0~ (resp. 0£) on 
W u {x) (resp. W s {x)). 

Let x, y £ B satisfy the Morse index relation ind(y) = ind(x) — 1, then 
r(x, y) = W u (x) n W s (y) consists of a finite number of integral curves 7 of —X. 
Moreover, for each 7 S T(x,y), by using the orientations chosen above, on can 
define a number n 7 (x,y) = ±1 as in BZ1, (1.28)]. 

If x G B, let [W u (a;)] be the complex line generated by W u (x). Set 

(2.9) C*(W u ,F*) = @[W u (x)]®FZ, 

xeB 



(2.10) d(W u ,F*)= [W u {x)]®F* x . 

ind(x)=i 

If x E B, the flat vector bundle F* is canonically trivialized on W u {x). In 
particular, if x, y € B satisfy ind(y) = ind(x) — 1, and if 7 £ T(x,y), f* G F*, 
let Ty(f*) be the parallel transport of /* G F* into i 7 * along 7 with respect to 
the flat connection . 

Clearly, for any x G B, there is only a finite number of y G B, satisfying 
together that ind(y) = ind(x) — 1 and T(x, y) 7^ 0. 

If xG B, f* G F*, set 

(2.11) d(Vr(x)®.f)= ^ ^ n 7 (x,y)^(y)®r 7 (r). 

y&B, ind(j/)=ind(a;)— 1 7£T(a:,j/) 

Then d maps C^W^F*) into C i ^ 1 (W u ,F*). Moreover, one has 

(2.12) d 2 = 0. 
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That is, (C*(W W , F*), d) forms a chain complex. We call it the Thom-Smale 
complex associated to (M, F, —X). 

IfxeB, let [W u (x)]* be the dual line to W u {x). Let (C*(W u ,F),d) be 
the complex which is dual to (C*(W U , F*),d). For < i < n, one has 

(2.13) C i (W u ,F)= [W u (x)]*®F x . 

xdB, \nd(x)=i 

Let W u (x)* e [W u (x)]* be such that (W u (x), W u {x)*) = 1. 
We now introduce a symmetric bilinear form on each [W"(a;)]* <g> F x such 
that for any /, f £ F x , 

(2.14) (w u (x)* ® /, w u ( x y ® /') = (/, /V • 

For any < i < n, let C l (W u , F) carry the symmetric bilinear form obtained 
from those defined in Q2.14JI so that the splitting ()2.13j) is orthogonal with 
respect to it. One verifies that this symmetric bilinear form is nondegenerate 
on F). 

Definition 2.4. The symmetric bilinear torsion on the determinant line of the 
cohomology of the Thom-Smale cochain complex (C*(W U , F), d), in the sense 
of Definition 12.11 is called the Milnor symmetric bilnear torsion associated to 
(M, F, b F , —X), and is denoted by FbF _ x y 

From the anomaly formula l|2.7jl . one deduces easily the following result. 

Proposition 2.5. If bf is another nondegenerate symmetric bilinear form on 
the flat vector bundle F over M. Letb J ^ [ Fb p denote the corresponding sym- 
metric bilinear torsion on det H*(C*(W U , F), 9), then the following anomaly 
formula holds, 

( 2 - 15 ) = n det (V'T 1 b " u ) ( 1} 

x&B V ' 

2.3 Ray-Singer symmetric bilinear torsion of the de Rham complex 

We continue the discussion of the previous subsection. However, we do not use 
the Morse function and make transversality assumptions. 
For any < % < n, denote 

n 

(2.16) n*(M,F) = T (A\T*M)® F) , 0*(M, F) = W(M,F). 

i=0 

Let d F denote the natural exterior differential on ST (M, F) induced from V F 
which maps each fi*(M,F), < i < n, into n i+1 (M,F). 

Let g F be a Hermitian metric on F. The Riemannian metric g™ and g F 
determine a natural inner product (that is, a pre-Hilbert space structure) on 
fl*(M,F) (cf. [BZn (2.2)] and [RZ2l (2.3)]). 
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On the other hand g™ and the symmetric bilinear form b F determine 
together a symmetric bilinear form on Q*(M, F) such that if u = af, v = (3g £ 
U*(M,F) such that a, (3 € fi*(M), /, g € then 



(2.17) («,«>& = / (a A */?)&' (/,<?), 

where * is the Hodge star operator (cf. [Z]). 
Consider the de Rham complex 

(2.18) (n*(M,F),d F ) : ft°(M,F) ^ fi^M.-F) 



£ n n (M,F) -> 0. 



Let (if* : ft*(M,F) -> 0*(M,F) denote the formal adjoint of (f F with 
respect to the symmetric bilinear form in (|2.17l) . That is, for any u, v £ 
Q* (M,F), one has 

(2.19) (d F n, W > 6 = (n,df^> b . 
Set 

(2.20) D b = d F + d F *, D 2 b = (d F + d F *) 2 = d F *d F + d F d F *. 

Then the Laplacian D% preserves the Z-grading of il*(M, F). 

As was pointed out in |BuHlj and BuH2 , D% has the same principal symbol 
as the usual Hodge Laplacian (constructed using the inner product on Q*(M, F) 
induced from (g™ , g F )) studied for example in BZ1 . 

We collect some well-known facts concerning as in |BuH21 Proposition 
4.1], where the reference j^2_ is indicated. 

Proposition 2.6. The following properties hold for the Laplacian D^: 

(i) The spectrum of is discrete. For every 9 > all but finitely many 
points of the spectrum are contained in the angle {z S C| — 8 < arg(z) < 9}; 

(ii) If X is in the spectrum of D%, then the image of the associated spectral 
projection is finite dimensional and contains smooth forms only. We refer to 
this image as the (generalized) \-eigen space of and denote it by QJ^y(M, F). 
There exists N\ £ N such that 



(2.21) (D 2 b - A) 



= 0. 

n* x} (M,F) 



We have a D^-invariant ( , ) b - orthogonal decomposition 
(2.22) W (M, F) = fl* {x} (M, F) tt* {x} (M, F) 1 . 

The restriction of — A to f2*- A |(M, F) 1 - is invertible; 

(Hi) The decomposition h2.22\l is invariant under d F and d F * ; 
(iv) For A / fi, the eigen spaces fl*^(M, F) and O L (M, F) are ( , 
orthogonal to each other. 
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For any a > 0, set 
(2.23) 



%, a] (M,F) = 0[x } (M,F). 

0<|A|<a 



Let Q* Q a j(M, F) 1 - denote the ( , )b-orthogonal complement to O* 0a j(M, F). 
By |BuM2l (29)] and Proposition!^ one sees that (ntJM, F),d F ) for ms a 

finite dimensional complex whose cohomology equals to that of (0*(M, F),d F ). 
Moreover, the symmetric bilinear form ( , clearly induces a nondegener- 
ate symmetric bilinear form on each f2| 0a j(M, F) with < i < n. By Defi- 
nition [73 one then gets a symmetric bilinear torsion b dctH *^*^ j(A/,F),d F ) on 

detH*(Q* [Q a] (M,F),d F ) = det H*(Q*(M, F),d F ). 

For any < i < n, let -D 2 ^ be the restriction of D 2 on fP(M, i 7 ). Then it 
is shown in |BuH2j (cf. |S2| Theorem 13.1]) that for any a > 0, the following 
regularized zeta determinant is well-defined, 



(2.24) det' (D 2 b ^ +ooU 



exp 



d_ 

ds 



Tr 



s=0 



n 2 I 



[0,a 



(M,F) J 



Proposition 2.7. ( BuH2, Proposition 4.7]) The symmetric bilinear form on 
det H*(n*(M,F),d F ) defined by 



(2.25) 



5det^*(^[ , a] (A/ 



■,+oo),i 



(-!)*< 



i=0 



does not depend on the choice of a > 0. 



Definition 2.8. The symmetric bilinear form defined by Q2.25JI is called the 
Ray-Singer symmetric bilinear torsion on det H*(Q*(M, F), d F ) and is denoted 

2.4 An anomaly formula for the Ray-Singer symmetric bilinear tor- 
sion 

We continue the discussion of the above subsection. 

Let 6(F,b F ) G Q}{M) be the Kamber-Tondeur form defined by (cf. |BuH2l 
(4)]) 

(2.26) 



6{F,b F ) = Tr \{b F y 1 V F b F 



Then 0(F, b F ) is a closed one form on M whose cohomology class depends only 
on the homotopy class of b F (cf. T3uH2 ). 

Let V™ denote the Levi-Civita connection associated to the Riemannian 
metric g™ on TM. Let R™ = (V™) 2 be the curvature of V™. Let 
e(TM,V™) S n n (M) be the associated Euler form defined by (cf. [BZT1 
(3.17)] and Chapter 3]) 



(2.27) 



e (TM, V™) = Pf 



R 



TM 



2tt 
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Let g'™ be another Riemannian metric on TM and V'™ be the associated 
Levi-Civita connection. Let e(TM,V™,V'™) be the Chern-S imons class of 
Ti — l smooth forms on M, which is defined modulo exact n — 1 forms, such that 

(2.28) de{TM, V™ , V™) = e {TM, V™) - e {TM, V™) 
(cf. |BZT1 (4.10)]). Of course, if n is odd, 

(2.29) e(TM,V™,V'™) = 0. 

Let b' F be another nondegenerate symmetric bilinear form on F. 
Let &«S ^ ; /TM b /F) denote the Ray-Singer symmetric bilinear torsion associ- 
ated to g 1 ™ and b lF . Then the complex number 

°(M,F,g> ™,b'F) c * 



h RS 

U {M,F,g™,b F ) 



is well-defined. 

We can now state the anomaly formula, of which an equivalent form has 
been proved in |BuH21 Theorem 4.2], for the Ray-Singer symmetric bilinear 
torsion as follows. 

Theorem 2.9. If b F , b' F lie in the same homotopy class of nondegenerate 
symmetric bilinear forms on F , then the following identity holds, 



(2.30) W^) =exp (/ log ( det ((^-5-)) e(T M,V™)) 

• exp (- J 9(F,b ,F )e{TM,V™,V™)^j . 



In particular, if dim M = n is odd, then 

(2.31) ff^> = 1. 

Remark 2.10. Since b F , b' F lie in the same homotopy class, one sees that 
log(det((6' F )~ 1 b' F )) is a well defined univalent function on M. 



3 Comparison between the Ray-Singer and Milnor 
symmetric bilinear torsions 

In this section, we prove the main result of this paper, which is an explicit com- 
parison result between the Ray-Singer and Milnor symmetric bilinear torsions 
introduced in the last section. 

The form of the result we will state formally looks very similar to a theorem 
of Bismut-Zhang proved in |BZ11 Theorem 0.2], if one replaces the Hermitian 
metrics there by the symmetric bilinear forms. This similarity also reflects in 
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the proof of the main result here, where we will use as in [BZlj the Witten 
deformation jWj of the de Rham complex by Morse functions. Moreover, we 
will make use the analytic techniques developed in jBZlj and [BZ2 , some of 
which go back to the paper of Bismut-Lebeau |BL| . 

Still, since we will deal with non-self- adjoint operators, we have to generalize 
many of the techniques in jBZlj and |BZ2j to the current situation. We will 
point out the differences in due context. 



3.1 A Cheeger-Miiller theorem for symmetric bilinear torsions 

We assume that we are in the same situation as in Sections 12.212.41 By a simple 
argument of Helffer-Sjostrand |HS| Proposition 5.1] (cf. |BZ1| Section 7b)]), we 
may and we well assume that g™ there satisfies the following property without 
altering the Thom-Smale cochain complex (C*(W U , F), d), 

(*): For any x S B, there is a system of coordinates y = (y , • • • ,y n ) 
centered at x such that near x, 

n 'md(x) n 

(3.1) g ™ = Y,W\\ f{y) = f{x)-\Y.\y l \ 2 + \ E kf- 

i=l i=l i=ind(x)+l 

By a result of Laudenbach L , {W u (x) : x G B} form a CW decomposition 
of M. 

For any x G B, F is canonically trivialized over each cell W u (x). 
Let Pqo be the de Rham map defined by 

(3.2) a £ n*(M,F) -> P^a = V W u {xf [ a£C*(W u ,F). 

By the Stokes theorem, one has 

(3.3) dPoo = P^dF. 

Moreover, it is shown in [Q that is a Z-graded quasi-isomorphism, inducing 
a canonical isomorphism 

(3.4) P^ : H* (n*(M,F),d F ) — ► H* (C* (W u , F) ,d) , 

which in turn induces a natural isomorphism between the determinant lines, 

(3.5) P^ ot H : det H* (O* (M, F) , d F ) -» det H* (C* (W u , F) ,d) . 
Now let h™ be an arbitrary smooth metric on TM. 

By Definition 12.81 one has an associated Ray-Singer symmetric bilinear tor- 
sion FhTM bF j on det H*(Vt*(M, F),d F ). From (|3.5j) . one gets a well-defined 
symmetric bilinear form 

( 3 - 6 ) p ^ tH (bfM,F,h TM ,b F ) 

on det H*(C*(W u ,F),d). 
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On the other hand, by Definition 12.41 one has a well-defined Milnor sym- 
metric bilinear torsion bfy FbF _ x \ ° n det H*(C*(W U , F), d), where X = V/ 
is the gradient vector field of / associated to g™ ■ 

Let ifj(TM,V™) be the Mathai-Quillen current ( |MOJ ) over TM, associ- 
ated to h™ , defined in BZ1, Definition 3.6]. As indicated in jBZll Remark 
3.8], the pull-back current X*ip(TM,V™) is well-defined over M. 

The main result of this paper, which generalizes J5ZI, Theorem 0.2] to the 
case where F admits a nondegenerate symmetric bilinear form, can be stated 
as follows. 

Theorem 3.1. The following identity in C holds, 

pi au fe 6 ; 



(3 7) ^ ^M^tn) = exp ( i e (F| ^ x ,, p {TUi v ™ ( \ . 

b (M,F,b F -X) V J M J 

Remark 3.2. By proceeding similarly as in jBZll Section 7b)], in order to prove 
(|3.7j) . we may well assume that h™ = g™ ■ Moreover, we may assume that 
b , as well as the Hermitian metric g F on F, are flat on an open neighborhood 
of the zero set B of X. From now on, we will make these assumptions. 

3.2 Some intermediate results 

We assume that the assumptions made in Remark 13.21 hold. 

For any T £ R, let b F be the deformed symmetric bilinear form on F defined 

by 

(3.8) b^{u,v) = e- 2Tf b F (u,v). 

Let d F * be the associated formal adjoint in the sense of (|2.19j) . Set 

(3.9) D bT = d F + d(;, D 2 hT = (d F + <?) 2 = d F ;d F + d F d F ;. 

Let fijQ y T (M, F) be defined as in (|2.23|) with respect to D^ t , and let 
U* 1 j T (M,F)- L be the corresponding ( , )b T -orthogonal complement. 

Let pj?' 1 ^ be the orthogonal projection from S7*(M, F) to fi? 01 | T (M, F) 
with respect to the inner product determined by g™ and g F = e~ 2T ^ g F . Set 
p( 1 ' + -)=Id-P| ) ' 1 ]. 

Following |BZll (7.13)-(7.15)], we introduce the notations 

dimM 

(3.10) X (F)= (-l) i dim^(M,F)=rk(F)^(-l) ind W, 

i=0 x&B 

n 

X '(F) = rk(F) ^(-l) ind ^ind(x) = rk(F) ^(-l^M*, 

xeB i=0 

Trf[/] = ^(-l) indW /W, 

xeB 
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where for any < i < n, Mi is the number of x £ B of index i. 

Let N be the number operator on f2*(M, F) acting on £l r (M,F) by multi- 
plication by i. 

We now state several intermediate results whose proofs will be given later 
in Sections 4 to 9. 

Theorem 3.3. (Compare with |BZ1| Theorem 7.6]) Let P-j?' 1 ' be the restriction 



of onn*(M,F), letPp 1]ActH 
ogy, then the following identity holds, 

(3.11) 



be the induced isomorphism on cohomol- 



lim 



D [0,l],deti? /, 

u (M,F,b F ,-X) 



7T 



exp (2rk(F)Trf[/]T) 



Theorem 3.4. (Compare with [BZ1, Theorem 7.8]) For any t > 0, 



(3.12) 



lim Tr s 



N exp {-tD 2 bT ) p£> + ^ 



0. 



Moreover, for any d > there exist c > 0, C > and Tq > 1 such that for any 
t > d and T > Tq, 



(3.13) 



Tr, 



Nex V (-tD 2 bT )pV 



(l,+oo) 



< cexp(— Ct). 



Theorem 3.5. (Compare with [BZlt Theorem 7.9]) For T > large enough, 
then 



(3.14) 

Also, 

(3.15) 



dimOj 01]T (M,F) = rk(F)M;. 



lim Tr 

T->+oo 



[0,1] 



0. 



For the next results, we will make use the same notation for Clifford multi- 
plications and Berezin integrals as in IBZ11 Section 4]. 

Theorem 3.6. (Compare with jBZll Theorem 7.10]) As t — > 0, the following 
identity holds, 



(3.16) 



Tr, [iVexp (-*£>£,)] = |x(F) + 0(t) if n is even, 



rk(F) 



M 



B 



Lexp 



R 



TM 



1 
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Theorem 3.7. (Compare with |BZ2l Theorem A.l]) There exist < a < 1, 
C > such that for any 0<t<a,0<T<j, then 



(3.17) 



TV, 



Nexp(-(tD b + Tc(yf)y 



M 



B 



Lexp(-5 T2 )rk(F) 



T 
2 



M 



B 



F,b F ) / dfexp(-B T 2)-- X (F) 



< Ct. 



Theorem 3.8. (Compare with |BZ2l Theorem A.2]) For any T > 0, the fol- 
lowing identity holds, 



(3.18) JimTr s 



JVexp|-(f J D 6 + -c(V/) 



= YZ^zt (I 1 + e " 2T ) X\F) - ne-* T X (F)) . 

Theorem 3.9. (Compare with [BZ2J Theorem A. 3]) There exist a S (0, 1], 
c > 0, C > suc/i i/ia£ /or any t £ (0, a], T > 1, then 



(3.19) 



Tr, 



iVexp| - (iA, + -c(V/) 



< cexp(-CT). 



Clearly, we may and we will assume that the number a > in Theorems 
13.71 and 13.91 have been chosen to be the same. 



3.3 Proof of Theorem I3TT1 

First of all, by the anomaly formula ([2.30)1 . for any T > 0, one has 
(3.20) 



b M ^ ^ 11 \ a ™ I ^6rln* 0>1]iT (M,F)inni(M,F) 



(M,F,fe F ,-X) 

pdet H / lRS 

^oo y (M,F,g™ ,b F ) 

°(M,F,b F -X) 



8=0 



exp(-2Trk(F) / /e(TM,V™ N 



From now on, we will write a ~ 6 for a, 6 G C if e a = e b . Thus, we can 
rewrite (|3.20[) as 



(3.21) 
log 



pdet H / uRS 

^oo \ U (M,F,g™,b F ) 

u (M,F,b F -X) 



~ log 



/ p [0,l],detff / \\ 
I detH*(n* QAlT (M,F),d F ) 



V 



U (M,F,b F ,-X) 



J 



+ ^2(-iyilog(det(D 2 bT \ nt 



8=0 



i* il]iT (w,F)J-nn*(M,F) 



+ 2Trk(F) / /e (TM, V™) . 
Jm 
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Let To > be as in Theorem 13.41 For any T > Tq and s £ C with 
Re(s) > n + 1, set 



(3.22) 



0t(s) 



r(«) J 



+oo 



i^TV, 



Nexp(-tD 2 bT ) P± 



(l,+oo) 



dt. 



By (|3.13|) . 9t(s) is well-defined and can be extended to a meromorphic function 
which is holomorphic at s = (cf. |S2j). Moreover, 



(3.23) ^(-l)^log(det(r>, 



i=0 



If2* T (M,_F) ± nf2 i (M,_F) 



de T {s) 



ds 



s=0 



Let ci = a 2 with a being as in Theorem 13.91 From Q3.22JI and Theorems 
I3~H3~K1 one finds 



(3.24) 
d9 T {s) 



d& 



s=0 JO 
+ 



TV, 



TV, 



N exp {-tD 2 bT ) P} J 



(l,+oo) 



Ne W (-tD 2 T )R 



(1,+EXj) 



(it 2a_i 
n 



r'(l)-logd) ^ X (F)- X '(F) 



where we denote for simplicity that 



(3.25) 



a_i = rk(F) / / Lexp 
JM J 



R 



TM 



Proposition 3.10. One has 

«+oo 



(3.26) 



lim 



TV, 



N exp (-tD^) 



(l,+oo) 



dt 



0. 



Proof. This follows from Theorem 13.41 directly. Q.E.D. 



Now we write 
<-d 



(3.27) 



n 



TV, 



N exp (-tD 2 bT ) 



(l,+oo) 



^-^)+x'(^))- 



TV, 



From Theorem 13.51 one deduces that 



iVexp(-t J D fe 2 T )p| ) ' 11 l - X '(F) 



(3.28) 



lim 



TV, 



Ne W (-tD 2 bT )P^\- X \F))j = 0. 



dt 
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To study the first term in the right hand side of Q3.27JI , we observe first that 
for any T > 0, one has 

(3.29) e~ T fD 2 bT e T f = (D b + Tc(V/)) 2 . 
Thus, one has 

(3.30) Tr s [iVexp {-tD 2 br )] = Tr s [iVexp (-t (D b + Tc(V/)) 2 
By (|3.3U|) . one writes 



(3.31) 



a_i n 



Tr s [iVexp {-tD^)] - ^ - ^ X [F) J , 



dt 



+ 2 



s/d 



1 

VT 
i 







Tr, 



Tr, 



Tr, 



Nexp(-(tD b + tTc(Vf)y 



Nexp[-(tD b + tTc(Vf)y 



Tr, 



Nexp(-(tD b + tTc{Vf))' 
iVexp [ - (4= A + tVTc(Vf) 



a— i n 

~t 2 

a_i n 

"1 2 

a_i n 



dt 

T 
T 

dt 

T 



v 7 ? ra \ dt 



+ 2 



i 



Tr, 



Nexp{-(tD b + tTc(Vf)y 



a_i n 



X(^) 



dt 



In view of Theorem 13.71 we write 



(3.32) 



i 



i 



Tr, 



iVexp (-{tD b + tTc(yf)y 



Tr, 



JVexp(-(*A + tTc(V/))' 



a_i n 



X(F) 



dt 



t 2 

B 

Lexp ( —B (tT) 2 ) rk(F) 



M 



t 

\try 



+ 



M 
~7t ( 1 

7 



^/ 6{F,b F ) I d/exp(- J B (4T)2 )-^ X (F))^ 



dt 



B 



Lexp(-B (tT)2 )rk(F)-^-)^ 



t / t 



^¥ tT 
2 



M 



B 



+ i - l. 0{F.b ! ) j d/-exp(-5 (tT)2 )^. 
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By fBZTI Definitions 3.6, 3.12 and Theorem 3.18], one has, as T — > +oo, 
'7f tT f „ . f B - , „ s dt 



(3.33) J^^ J 9(F,b F ) J dfexp(-B (tT) 

rVT r r B 

2 



T 



\J J M H F > bF ) J dfexp(-B t 2)dt 

- / / 6(F,b F ) / dfexp(-B t 2)dt 
1 Jo Jm J 



\ I e(F,b F )(VfTi;(TM,V™). 

1 JM 



By fHZTl (3.58)], we have for any T > that 

(3.34) f [ {Lexp(-B T )-Lexp{-B )) 
Jm J 

= -VTf f f (exp (-fl r ) - exp (-B )) 
Jm J 



From (|3.34j) . one deduces easily that 

-B 



(3.35) 



lim [ f (Lexp(-B T ) - Lexp(-B )) = 0. 

t^o+ VT Jm J 



From |BZ11 (3.54)], (|3,35|) and the integration by parts, we have 
= -Trk(F) / / / (Lexp(-Bt)-£exp(-Bo))d4= 



-VTrk(F) ^ y (Lexp (-Br) -Lexp (-Bo)) 



= -VTrk(F) [ [ Lexp (-Br) + v / Ta_i - Trk(L) f ff exp (-Br) 
Jm J Jm J 

+ Trk(L) / / / exp (-Bo) • 

./A/ J 

From Theorems 1X71 |3~S1 (l3~35l . [BZTl Theorem 3.20], jBZTl (7.72) and 
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(7.73)] and the dominate convergence, one finds that as T — > +00, 



(3.37) 



1 



Tr, 



Nexp(-(tD b + tTc(Vf)y 



M 



B 



Lexp ( —B^ tT ^2 ) rk(F) 



~ / 0(FM 



M 



dfe W (-B {tT y.)-^ X (F))j 



Tr, 



iVexp^- Q=Z), + t^Tc(V/)) j 



B 



— / / Lexp —B 



(tVry 



rk(F) 



(F,b F ) / d/expf-S^ 



r?. 



dt 

T 



+ 



rk(F) 



X '(F)-ne- 2t \(F)) 
(n-2ind(x))-^))y 
= \ (x'(F) - ^x(F) 



1 f l + e - 2t 1\ dt 
1 - e- 2 * t f 



On the other hand, by Theorems 13.81 l3~Hl and the dominate convergence, we 
have that as T — ► +00, 



(3.38) 



Tr, 



iVexp^- ^-Li3 6 + tVfS(V/)) J 



VT n . „. \ dt 

— a_! - j 



/Td 



Tr, 



iV exp 



-^A + iVTc(V/)) 



/ " 2' 



+ ~x>(F) log (Td) + a^Vf -lj- log (Td) 

) x \F)-ne~ 2t \(F))- X \F) 



1 - e 



1 + e 



dt 
T 



dt 
T 



+ \ {x'(F) - 'jx(F)) log (Td) + ^ - Vfa^ + o(l) 



+ 



2 
V 7 ^ 



To-i + ofl). 



Combining (|3~TT|) . (I3~2H . (j33Tl) - (l3~33l and ipOH |) - (f!OHj) . one 
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deduces, by setting T — > +00, that 
(3.39) 



(pdct H I lRS 
°° ji I K -2,k(^[/]T + ( X '(F) - f x( F)j logT 

°(M,F,bF -X) ) \ I J 

- (x(F) - ^x(F)) log n-j (F, b F ) (V/)> (TM, V™) 

+ 2\/Trk(F) / f Lexp(-B T ) - 2^Ta_i + 2Trk(F) / / / exp (-Br) 
jA/ 7 J M J 

- 2 ™ f) l f s B ^ ( - Bo> - - > f) ) r - t) * 

/ n / ,+ °° 2e~ 2t (it / n , 2a_i 

- (x'(F) - ~ 2 X(F)) I I3 ^ T - (x'(F) - - 2 X{F)) log(Td) - 

+ 2 VTa_! + 2 Trk(F) f f e (TM, V™) + ^z* 



-(r'(l)-logd) (x'(F) - ^ X (F)) + o(l) 
2 Trk(F) ^ / exp (-B T ) - £ (-1)^*0 



1 x l + e~ 2t 1\ dt [ + °° 2e~ 2t dt 



- (x'(^) - (log 7T + r'(l)) + 2VTrk (F) J J L exp (-B T ) 

-f 9(F,b F )(Vf)*i;(TM,V™) +o(l). 
By [RZTT Theorem 3.20] and [BZT1 (7.72)], one has 

(3.40) lim 2Tvk(F) f f ( F exp (-B T ) - V(-l) ind ^ ] 

= " (x'(^) - \x(F)) , 

(3.41) lim 2Vfrk(F) / fx exp (-Br) = 2 ( X '(F) - ^O^)) • 



On the other hand, by [BZ1, (7.93)], one has 

f 1 (l + e- 2t 1\ dt f + °° 2e~ 2t dt 



From ()3.39fl - (|3.42|) . we get (|3.7[) . which completes the proof of Theorem l3.ll 
Q.E.D. 
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Remark 3.11. One finds that we have used the strategy outlined in BZ2J Ap- 
pendix] to prove Theorem 13.11 instead of using that in [BZll Section 7] . In 
particular, we avoid the explicit use of [BZ1, Theorem 3.9] which is crucial in 



BZ1 , Section 7], though we still make use of the variation formulas |BZ11 (3.54) 
and (3.58)]. 

Remark 3.12. By Theorem 13.71 one deduces that 



iVexp ( - ( -Ll> 6 + tVTc(yf)\ 



M 



B 



— / / L exp —B 



(tVry 



rk(F) 



tVT 



B 



9 (F,b F ) l~ d/exp (-B (tVT)2 ) - lx{F) ) d l = 0. 



Combining with (|3.37|) . one gets 



(3.44) 



1 + e 



-2t 



1 - e 



-it 



\\ dt 

- — = 0. 

t / t 



4 Asymptotics of the symmetric bilinear torsion of 
the Witten complex 

In this section, we prove Theorems 3.3 and 3.5. 

We make the same assumptions and use the same notations as in Section |31 

4.1 Some formulas related to 

Recall that b F is a nondegenerate symmetric bilinear form on a complex flat 
vector bundle F over an oriented closed Riemannian manifold M. Then it 
determines a nondegenerate symmetric bilinear form ( , on ST(M, F) (cf. 

(2330. 

Recall that the formal adjoint d F * of d F with respect to the symmetric 

bilinear form ( , ){, has been defined in (|2.19|) . and Di, is the operator defined 
by 

(4.1) D b = d F + d F *. 
Let 

(4.2) u> F = u b (F,V F ) = (b F y\ F b F 

be defined as in BuH2 . 

Let V = v A * (T * M ® F) be the tensor product connection on A*(T*M) ® F 
obtained from the Levi-Civita connection V™ associated to g™ and the flat 
connection on F. 
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For any X e TM, let X* eT*M corresponds to X via g™ . Recall that 

(4.3) c(X)=X*-i x , c(X)=X*+i x 

denote the Clifford actions on A*(T*M), where X* and ix are the exterior and 
interior multiplications respectively (cf. BZ1, Section 4]). 
For any oriented orthonormal basis e\, . . . , e n of TM, set 

n n 

(4.4) c{^)=Y J c{e i )^(e i ), c (u F ) = ^ c (e*) wf (e<) . 

i=l i=l 

With these definitions and notations one verifies easily that (cf. BuH2, 
(92)]) 

- 1 1 

(4.5) d F + d F * = c (ei) Ve, + 2^ K) " 2^ K) • 

i=l 

Recall that g F is a Hermitian metric on F. Together with g™ it determines 
an inner product ( , ) g on n*{M,F) (cf. [BZTl (2.2)] and [BZ2l (2.3)]). 
Let be the formal adjoint of d F with respect to ( , ) g . 
Set as in |BZT| and [BZ2] that 

(4.6) u F g =u g {F,V F ) = {g F y 1 V F g F . 

Then uj f is a one form taking values in the self-adjoint elements in End(F). 
Moreover, 

(4.7) = V F + \u F 



is a Hermitian connection on F with respect to g (cf. BZ1, Section 4] and 



BZ2 Section 2]). Let V n be the associated tensor product connection on 
A*(T*M) ®F. 

By pZll (4.25)], one has 

n 

(4.8) D g := ^ + d F * = £ c (e 4 ) V" - -c 

n 11 

= ^ c (e*) V £i + -c (wf) - -c(u F ) . 



i=l 



From ()4.5|) and (|4.8|1 . one gets 



(4.9) d F + df = d F + df + ± c (of) - (cf) - (of) + . 
Write as 



(4.10) = 
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where oj^ (resp. oj f 2 ) takes values in self-adjoint (resp. skew-adjoint) elements 
(with respect to g F ) in End(F). 

From (|4.9|) . one gets the decomposition of Db into self-adjoint and skew- 
adjoint parts (with respect to ( , ) g ) as follows, 

(4.11) d F + df = (V + d F * + \c «) - \c «i) + ^ « 2 )) 

+ f~~c (of) + (wfi) - ic (u,£ 2 )) . 

4.2 Witten deformation and some basic estimates 

Let / : M — > R be a Morse function on M. We make the assumption that the 
Riemannian metric g™ and / verify the condition (|3.1|) . We also assume that 
<7 , like 6 , is flat near the set of critical points of /. 
Following Witten jWj, for any T G R, set 

(4.12) d F = e~ T U F e T ^ S F T = e T U F *e~ T f, S F T = e T U F * e~ T f . 
Set 

(4. 13) D b>T = 4 + <5 fe F T = D b + Tc(d/) , 5 ff>T = 4 + <j£ T = A, + Tc(d/) . 

Observe that the skew-adjoint part of Db,T is the same as that of LV 

Let || 1 1 o be the 1? norm on Q*(M,F) associated to ( , ) g . For any q > 0, 
let || \\g be a fixed g-Sobolev norm on £l*(M, F). 

Proposition 4.1. For any open neighborhood U of B, there exist To > ; 
C > 0, c > suc/i that for any s G fi*(M,F) u>i^ supp(s) C M \ U and 
T >Tq, one has 

(4.14) |A,Ts|[>c(H? + (r- c )Hg). 

Proof. From (|4.11l) and Q4.13|) . one sees that the formal adjoint F)\ T of -D^t 
is given by 

(4.15) Dt fT = (D g + Tc(df) + he «) - ic «0 + « 2 )) 

- f-^c (u>f) + (wfi) - (w£ 2 )^ . 

For simplicity, we denote by 
(4-16) A F = ic «) - he (u,Q + ic (u;Q , 



2 

^ = 4 c K) + ^Ki)-^K 2 )- 
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Then one computes 



(4.17) D* btT D btT = (D 9 + A F ) 2 + (D g + A F ) B F - B F (D g + A F ) - (B F f 
+ T([D g + A F ,c(df)] + c(df)B F - B F c(df)) + T 2 \df\ 2 , 

where by [ , ] we denote the super bracket in the sense of Quillen Q2 . 
Since it is easy to check (cf. trJZTl (5.17)]) that 



(4.18) 



[D g ,c(df)] = £c( ei )c(V™V/) -<(V/), 



i=l 



where V/ G T(TM) is the gradient vector field of / with respect to g™, is of 
order zero, the coefficient of T in the right hand side of (|4.17|) is of order zero. 
Also, it is clear that there is cq > such that for any x G M \ U , 

(4.19) \df(x)\ > c . 

From Q4.17JI and (|4.19|) . one gets Proposition 14.11 easily, as 



(4.20) 
Q.E.D. 



Db,TS 



D bjT s,D b>T s) = (D bT D b>T s,s 



Proposition 4.2. For any c > 0, there exists T c > such that for any T > T c , 

z G C with \z\ = c, z Spec(D^ T ). 

Proof. For any p G B, let y = (yi, . . . , y n ) be the coordinate system of p as 
in (|3.1|) . in an open ball U p of radius 4a, around p. We also assume that both 
b F and g F are flat on each U p , p € B. The existence of a > is clear. 

By (|4.9|) . one then has 



(4.21) 



A = D 9 on tf B = (J l/ P 

p6B 



Let 7 : R — > [0, 1] be a smooth function such that 7(x) = 1 if \x\ < a, while 
7(x) = if |x| > 2a. 

For any T > and p £ B, set 

(4.22) a p , T = / 7 (|y|) 2 exp(-T|y| 2 )^ 1 A---A^", 

7(|y|) 



exp 



dy 1 A • • • A dy n f&\ 



where rif(p) = ind(p) is the Morse index of / at p. Then p v ^ G £l nf ^(M) is 
of unit length with compact support contained in U p . 
Set 



(4.23) 



E T = {Pp.t ®h p :p£B, h p £F p }. 
peB 
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Let Ej; be the orthogonal complement to Er in L 2 (0*(M, F)) with respect to 
( , ) g . Then one has the orthogonal decomposition 

(4.24) L 2 (0*(M, F)) = E T ®E^. 

Let pt, Vt be the orthogonal projections from L 2 (Q*(M, F)) onto Et, E^ 
respectively. 

Following 151. Section 9b)] (cf. (5.19)]), set 

(4.25) Db,T,i = PTD btT pT, D byT ,2 = PTD by TPT, 
Db,T,3 = Pt^TPT, £>b,T,2 = Pt^TPt- 

From (|4~T7|) . (|QU|l . (|OT|) . (|4~23|) and proceed as in jBLj Section 9] and 
[71 Proof of Proposition 5.6], one can prove in the same way that there exist 
To > 0, C > such that for any T >Tq, one has 

(4.26) 5 6>Tjl = 0, 



(4.27) 



s \\o 



< 

o - T 



Db,T,3s' 



< 

o - T 



for any s G F^ n H 1 (M, F), s' £ F T , where H 1 (M, F) is the Sobolev space 
with respect to the Sobolev norm || ||i on Q*(M, F), and 



(4.28) 



D b ,T,AS 



> cVt\\s\ 



for any s G F^ n H 1 (M, F). 

Now for any A G C, T > T and s G 0*(M,F), by (IQ6l - (IO£j) . we have 
(cf. (5.26)]) 



(4.29) 



A-Z\t s 



1 

> - 
o ~ 2 



Aprs - -Df>,T,2Pr s 



1 

o + 2 



Ap T s - D b)T 3 s - D b)TA p T s 



> 



1 



|A| 



|) ||PT S || +(cVr-|A|-^ 



From (|4.29|) . one sees easily that there exist Co > 0, Tq > To such that for 
any T > Tq and A G C with |A| 2 = c, one has 



(4.30) 



A 2 - D 2 



A + Du T A - F\ T s 



> C \\s\\o, 



from which Proposition 14.21 follows. Q.E.D. 



From now on, we take c = 1, T c= i as in Proposition 14. 21 and assume T > T\. 
Let 01 j-, T (M, F) be defined as in (|2.23|) with respect to F^r- Let Fj?' 1 ' be 
the orthogonal projection from L 2 (Q*(M, F)) onto fit 1 , T (M, F). 
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For any p G B, let [W u (p)]* admit a Hermitian metric such that |W u (p)*| = 
1. Let [W"(p)]* ® F p carry the tensor product metric from the above one with 
g Fp . Let C*(W U ,F) carry a Hermitian metric through the orthogonal direct 
sum of the Hermitian metrics on (g) F p 's. 

Let J T : C*(W U ,F) —* Q*(M,F) be the isometry defined by that for any 
p G B, h G F p and y the coordinate system as above in U p , 

(4.31) J T (W u {pf ® h) (y) = Pp ,t ® fc. 

From (|4. and l|4.21|) . one can proceed in exactly that same way as in 
BZ1, Theorem 8.8] and [BZ21 Theorem 6.7] to get the following result. 

Theorem 4.3. There exists c > such that as T — * +oo, for any s G 
C*(W U ,F), 

(4.32) (Pp 1] J T - J T ) s = (e~ cT ) s uniformly on M. 



4.3 Proof of Theorems 3.5 

From Theorem 14.31 one gets immediately that 

(4.33) dimtt* [Q 1] T (M,F) > #B. 

By (|4.21|) and proceed as in [Zj Proof of Proposition 5.5], one sees that 
indeed, (|4.33j) holds in equality. 

Since pj?' 1 ' preserves the Z-grading of Q*(M, F) (as D% T does), by applying 



(|4.32j) in each grade and by (|4.33j) with equality, one then gets that for any 
< i < n, 

(4.34) dim Of 0)1]iT (M, F) = rk(F)M; = rk(F) • # {p G B : ind(p) = »} . 

On the other hand, since the number c in Proposition 14.21 can be chosen 
arbitrarily small, one sees that when T — > +oo, one has 



(4.35) Tr 



n2 p[o,i] 



0. 



Now consider the isomorphism : tl*(M,F) — > 0*(M, F) defined by 
tt(s) = e T f s. Then it induces a map preserving the corresponding symmetric 
bilinear forms, as well as the inner products, 

(4.36) r T : (Q*(M, F), ( , )&) i — > (U*(M, F), ( , )t T ) ■ 

r T : (Q*(M,F),( , ) g ) i — ► (0*(M, F), ( , ), T ), 

with ( , } 9T obtained from g™ and 5^ = e~ 2T ^g F (cf. |BZ1| (5.1)]). Moreover, 
one verifies directly that 

(4.37) r T D btT = D bT r T . 

From (|4.34|) - (|4.37|) . one gets Theorem 13 . 51 immediately. Q.E.D. 
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4.4 Proof of Theorems 3.3 

We still assume that T > T c= i, where T c= i verifies Proposition 14.21 
Let e T ■ C*{W U ,F) -► nf 0>1])T (M, F) be denned by 

(4.38) e T = r T Pp 1] J T . 

Recall that C*(W U ,F) carries a symmetric bilinear form determined in 
()2.13j) and (|2.14jl . while ft,f Q ^ T (M,F) carries the induced symmetric bilinear 

form ( , }ft T . Let be the adjoint of with respect to these two symmetric 
bilinear forms. 

Proposition 4.4. There exists c > such that as T — * +oo, 

(4.39) ef e T = 1 + (e~ cT ) . 

In particular, when T > is large enough, &r : C*(W U , F) — > f2* Q ^ T (M, F) is 
a Z- graded isomorphism. 

Proof. By the definition of ex and e*, one has that for any s, s' G 
C*(VF",F), 

(4.40) (e*eTS,s ,S j = {e T s,e T s') bT = (pp 1] J T s,Pp 1] J T s'^ . 

On the other hand, from Q4.22j) and (|4.31|) . one sees directly that 

(4.41) (j rS) J TS ') 6 = < S)S ') 6 . 
Prom Theorem Ol (|4~iUj) . and (|4~1T|) . one gets 

From Theorem 13.51 and (4.39), one sees that when T > is large enough, 
e;r is an isomorphism. Q.E.D. 

Recall that the quasi-isomorphism P M : (n*(M,F),d F ) -»■ (C*(W U , F), d) 
has been defined in (EHJ). Let P^t : fi? 01]T (Af, F) -> C*(W U ,F) be the 
restriction of Px, on f2* Q ^ T (M, P). 

By (|3.3[) . one has 

(4.42) dP^T = Poo,T^ F . 

By Theorem 14. 31 and (|4.42|) . one can proceed in exactly the same way as in 
BZ2 , Proof of Theorem 6.11] (cf. Z, Section 6.4]), to get the following analogue 
of [BZ2l Theorem 6.11]. 

Proposition 4.5. There exists c > such that as T — > +oo, one has 

(4.43) P»,T,T = ^(^ /2 -" /4 (1 + («-*•)). 

where J- acts on W u {p)®F p with p & B by multiplication by f(p), and N is the 
number operator acting on W u (p) tg) F p with p € B by multiplication by ind(p). 
In particular, for T > large enough, Poq^t&t G End(C*(iy M , F)) is one to 
one. 
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From ()4.42|) and Propositions 14.41 14.51 one sees that when T > is large 
enough, 

(4.44) P^t : (fif 0il]iT (M, F),d F ) -> (C* (W u , F) , d) 

is a cochain isomorphism. 

From Proposition 12.51 and (|4.44|) . one finds 



(4.45) 



p [0,l],detH /, \ n / 

= J_J_det PZ, T p ™,T 

i=0 \ 



[0,1], TV 
U (M,F,b F -X) 



where T is the adjoint of Poo t with respect to the symmetric bilinear forms 
( , >&■ 

From Propositions 14.41 and 14.51 one deduces that as T — ► +oo, 



(4.46) det I P* t Poo,t 



n« 0il]iT (Af,F) 



det [ e T e*P* T P^ T 



% il]tT (M,F) 
det MPoo,Ter) # Poo,rer 



det 1 eye* 



• det 1 ( e*er 



% tllT (M,F) 

C*(W»,F) 



det (i + (e-))*(^ 



e 2T ^(l + 0(e- cT )) 
det- 1 ((l + 0(e- cr ))| c ,_ 



From Q4.45JI and ([4.46 1) . one gets (|3.11|) immediately. 
The proof of Theorem 13.31 is completed. Q.E.D. 



5 Proof of Theorems 13.4 



In this section we prove Theorem 13.41 

In view of 1|4.36|) . may restate Theorem 13.41 as follows. 



Theorem 5.1. For any t > 0, 
(5.1) lim Tr 



N exp l-tDl T ) P^' +oo) 



0. 



(l,+oo) 



Id — jRj? . Moreover, for any d > 0, there exist c > 0, C > 



where Pr 

and Tq > 1 such that for any t > d and T > Tq, 



(5.2) 



Tr, 



N exp l-tDl T ) P^ +oo) 



< cexp(— Ct). 
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Set 



(5.3) c b = 1 + 2 max 



(~^ c (">f ) + ^ c - (w£ 2 )^ (x) 



By the decomposition formula (|4.11|) and by ()4.13|) . one sees that for any 
A G C with |Im(A)| = q, )S , A — D b< T is invertible. 

Let r = Ti U r 2 be the union of two contours defined by 

I"i = {x ± \/-lc&, g : 2 <x < +00} U {2 + \f-iy : -c b>g <y< c bt9 } , 

r 2 = {x ± \f^lc by g : -00 < x < -2} U {-2 + V^ly : -c 6)fl < y < c by g] . 



-00 

We orient V anti-clockwise. 

By Proposition 4.2, one sees that there exists Tq > such that for any 
T> T , 



(5.4) Tr s N exp -t£# T P$ 



5(l,+oo) 



1 



27^^/=T 



=Tr, 



N 



-tx 2 



-dX 



r X-D, 



b,T 



Let C > be the constant verifying (|Q5|) . Following jBD (9-1 13)], set for 
any T > 1 that 



(5.5) 



i7 T 



A G C : 1< |A| <- 



From (|4.26[l - (|4.28|) . H5.4|) and (|5.5() . one can proceed as in [BLl Section 9e)] 
to show that there exists Ti > To such that for any T > T%, X G Ut, X — D b ,T 
is invertible. Moreover, for any integer p > n + 2, there exists C > such that 
if T > Ti, A G J7 T , the following analogue of dO (9.142)] holds, 



(5.6) 



Tr, 



N [X- D bT 



<^=(i + \x\r\ 



From (|5.6j) . one can proceed as in |BL1 Sections 9g), 9h)], with an obvious 
modification, to complete the proof of Theorem 15.11 Q.E.D. 



6 Proof of Theorem 13.61 

In this section, we provide a proof of Theorem 111 fi| which computes the asymp- 
totics of Tr s [N exp(-tDl T )} for fixed T > as t -» 0. 
Since T > is fixed, we may well assume that T = 0. 

One way to prove Theorem 13.61 is to apply the method developed in [BuH2 , 
Sections 7 and 8], which deals directly with the operator D?. Here we will 
prove it as an application of the corresponding result for D 2 g established in 
|BZ1| Theorem 7.10]. The basic idea is very simple: we use Duhamel principle 
to express the heat operator of D% by using the heat operator of Dg, then one 
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can apply the results for D 2 g to obtain the required results for D b (Indeed, this 
idea will also be used in later sections for other local index estimates as well). 
Set 



(6.1) 



F F F 



From ()6.1|) . one can rewrite ()4.9I) as 



(6.2) 



d F + d F * = d F + d F * + 1 -c(u F )- 1 -c(co F ). 



From H6.2|) . one sees that 
(6.3) B bt9 := D 2 b - D 2 g = {d F + d F *f - {d F + d F *f 

is a differential operator of first order. 

By Duhamel principle, one deduces that for any t > 0, 



(6.4) 



-tD 2 
e b 



-t 2 tD 2 



< - ' » ■■■B byg e~ tk + ltD adt l ---dt k 



k=i ^ A fe 

+ (-l) n +H n+1 I e~^ tD lB b)g e~ t2tD l ■ ■ ■ B big e-^+ 2tD Uh ■ ■ ■ dt n+1 , 

where 1 < k < n+ 1, is the fc-simplex defined by t\ + ■ ■ ■ + t k+ i = 1, t\ > 0, 
• • • , tk+\ > 0. 



Proposition 6.1. As t — > + , one has 



(6.5) t 



n+l 



Tr, 



Ne 



Bb, g e 



-t 2 tD 2 „ 



■■■B b q e- tn+2tD b 



dt± ■ ■ ■ dt 



n+l 



0. 



Proof. For any r > 0, let || || r denote the Schatten norm defined for any 
linear operator A by 



(6.6) 



\A\\ 



Tr 



(A* Ay- 



Recall the basic properties of || || r (cf. |H3) that 

(i) If A is of trace class, then 

(6-7) |TrL4]| < p||i, \\A\\ < p||i. 

(ii) For any r > and compact operator A and any bounded operator B, 
(6.8) \\AB\\ r < \\B\\ \\A\\ r , \\BA\\ r < \\B\\ \\A\\ r . 

(iii) (Holder inequality) For any p, q, r > with ~ = - + -, 



(6.9) 



\AB\\ T < \\A\\ p \\B\ 



28 



Lemma 6.2. For any r > 0, one has as t — > + i/iai 

1 



(6.10) 



exp \—tD l 



O 



Proof. Since B bg is of order one, by |CH1 Lemma 2.8] and |Fel Lemma 1], 
there exists a (fixed) constant C > such that for any u > 0, t > with tit < 1, 



(6.11) 1 1 exp {-utD 2 g ) B btg \\ ! < C(uty l 2 ( TV 



exp 



From (j6.8j) . 1)6.9(1 and 1)6.11(1 . one sees that for any k > 1 and (ii, • • • , tfc+i) G 
A k \{h---t k+1 = 0}, 



(6.12) 



< 



-txtDl 



B b,c, 



<C k ts(t 1 ---t k )-* I TV 



'fc+1 



Thus for any k > 1, t > 0, one has 



e 2 



ti+-+t k 



Tr 



-tD 2 

e a 



(6.13) 



/ e 

A fc 



< C fc ^2 (ti---i fe )~ 5r Tr 



B b>g e- t ^ tD 9dt 1 ---dt k 



e 2 





ZUg 




J Tr 


e 2 











dy/t\- ■ ■ d\ft k 



< \ 2CVi) Tr 

From (|6,4j) and (|6.13f) . one sees that at least for < t < min{l, g^}, one 



has 
(6.14) 



e -tDl _ „-tDl 



e -tDl + Y^{~l) k t k / e-^^Bb^e-**" 3 ! • • • B^e-^+^dtt ■ ■ ■ dt k . 
k=i jA k 



From (f6~H|). (|B~T3")) and (jBTTi)) . one gets (|B~TU)) easily. 
The proof of Lemma 16.21 is completed. Q.E.D. 



From 1)6.8(1 - 1)6.10)1 and proceed as in (|6.12j) and (|6.13|) . one deduces that 
when t > is small enough, 



(6.15) 
t n+l 



TV, 



R. o -t2tD 2 ___ Bb e -t n+2 tDl 



Ne~ llllJ sB btg e- 



dti ■ ■ ■ dt 



n+l 



Of 5 , 



29 



which completes the proof of Proposition 16.11 Q.E.D. 



To compute the local index contribution to other terms in (|6.4|) , we give the 
following formula for B^^. 

Theorem 6.3. The following identity holds, 
(6.16) Dl = Dl + \ £ c(e t )c(e 3 ) (V^ (e,)) 

-. n .. n n 

- 5 E c ( e *) c ( e i) ( V > F ( e *)) + oE ( V "^ F ( e *)) + E " F ^ v "* 



i=l 



i=l 



Proof. From (|4.8[) and (|6.3j) . one has 
(6.17) D fe 2 - D 2 = (d F + d£*) 2 - (d F + <*) 2 

= i [rf + C,c(/)-c(/)] + i(c(/)-c(/)) 



f) 2 



n 



1=1 



+ 4 l c K 



c u; 



F\\ 2 



Now we compute (cf. jBZll 4.33]) 



(6.18) 



Ec(e,)V«,cK) 



i=i 



E c( ei )c( ej )(V«^( ej )), 

i,i=l 



(6.19) 



E c ^) v ^ 



c w 



.1=1 



= E c( ei )c( e ,)(V> F (e,)) 

n 

-E(V e > F (e J ))-2^(e,)V^. 

8=1 

From (|HT7 |l - (fCT?|) . we get (RTTTH) . Q.E.D. 

To compute the local index, let a > be the injectivity radius of (M, g™)- 
Take x £ M, let 

e i> ■ ■ ■ > e n be an orthonormal basis of T X M. We identify the 
open ball B T * M (0,a/2) with the open ball B M (x, a/2) in M using geodesic 
coordinates. Then y £ T X M, \y\ < a/2, represents an element of B M (0, a/2). 
For y £ T X M, \y\ < a/2, we identify T y M, F y to T X M, F x by parallel transport 
along the geodesic t £ [0, 1] — > ty with respect to the connections V™, V F ' U 
respectively. 
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Let Y™ ,x , Y F,U ' X be the connection forms for V™ V^'" in the considered 
trivialization of TM. By |ABPl Proposition 4.7], one has 



(6.20) 



r 



TM,x 



1 



R™(y,.) + 0(\yf) 



2 

v F y ^ = 0(\y\). 



Following jBZll (4.20)], for any t > 0, we introduce the Getzler rescaling 



(6.21) Ct (e i ) = ^ /I A-t 1 /%, 



^A-t 1/4 i f „ y^Viy, 



where we have written e*A in BZ1, (4.20)] as e«A for the sake of simplicity. 

From ()6.3j) . ()6.16|) . one verifies easily that under the Getzler rescaling Gt 
defined in (|6,21|h one has that as t —* + , 

(6.22) 

( 1 n 1 n 

- A (V^ F (e,)) - - ^ ei A ej (V> F (e,)) 
i,j=l i,j=l 



i=l y 

On the other hand, by [BZ1, (11.1)], one has 



) 2 -- 




-uJ F ,^f 




/ 4 









+ Q(t). 



(6.23) 



1 n 1 
G t (N) = — J2 et A ei + O(l) = -^L + O(l). 

i=i 



From (|S22J, (l6~23l and proceed as in [BZTl Section 4]. jffi] and [U2"|. one 

deduces that for any 1 < k < n, (t±, ■ ■ ■ , ifc+i) € 



(6.24) 



lim 



■w^V^ • • • B b>g e- tk + ltD " 



0, 



while for = 1, < fx < 1, one has 



(6.25) lim iTr s I Ne~ t ^B h -e^ 1 -' 1 ^ 



lim fTr, 



Tr 



l r 

2 



u F ,u F -oj f 



L exp 



i? 



TM 



Now it is clear that 
(6.26) Tr 



u F ,u F -uj f 



0, 



while by BZ1, (4.73)] and using the notation in |BZ11 Section 4], 
(6.27) 



^ ej Ae-Tr[(V«^(e,))]=V rA VTr[. 
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from which and from BZ1, (3.10)] and IBZI] (3.53)], one gets 

( 6 - 28 ) J u J E e * A ^ i( v > F ( e i))] Lex p ( - ' 



R 



TM 



Prom (KHBl . (KHfil and l|Oty . one gets for any < t x < 1 that 



(6.29) 



lim tTi\ 

t-,o+ 



Ne-^ tD 'B bq e-^ tD : 



0. 



0. 



From (|Q|) . (1631) . (l6~21) . (I6~2H1) and [BZTl Theorem 7.10], one gets (l3~THll . 

The proof of Theorem 13.61 is completed. Q.E.D. 

Remark 6.4. The method developed in this section, combined with the method 
in |BZ11 Section 4], can be used to give an alternate proof of Theorem 12.91 



7 Proof of Theorem 1X71 

We first restate Theorem 13.71 as follows. 

Theorem 7.1. There exist < d < 1, C > such that for any < t < d, 

< T < \, then 



(7.1) 



Tr< 



Nexp(-(tD b + Tc(Vf)) 
T 



1 



B 



M 



Lexp(-5 T2 )rk(F) 

< Ct. 



9(F,b F ) I d fexp(-B T2 )-^ X (F) 



Set, in view of (|4.6j) . 



(7.2) 



9(F,g F ) = Tr[u F ] = Tr 



By |BZ21 Theorem A.l], one has, under the same conditions as in Theorem 



o 

(7.3) 



Tr, 



iVexp (-(tD g + Tc(Vf)f 



1 

t -IM 



B 



Lexp(-5 T2 )rk(F) 



M 



B 



F,g F ) I dfexp(-B T 2)-^ X (F) 



< Ct 



for some constant C > 0. 

Thus, in order to prove (|7.1|) . one need only to prove that under the condi- 
tions of Theorem 17.11 there exists constant C" > such that 



(7.4) 



Tr, 



Nexp{-(tD b + Tc(Vf)Y 



Tr, 



Nexp(-(tD g + Tc(Vf)y 



T 

2 ./ m 



{F,b F )-9{F,g F )) / dfexp(-B T 2) 



< C"t. 
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Set for t > 0, T > that 
(7.5) A bAT = tD b + Tc(Vf), A git , T = tD g + Tc(Vf) 

and 

(7-6) C t>T = A 2 bAT - AJ AT . 

Then by ()6.2j) and (|6.3f) one has 

(7.7) 

C t ,T = (tD b + Tc(Vf)) 2 - (tD g + Tc(V/)) 2 = t 2 B Kg + tT [D b - D g ,c(Vf)] 

VP 

= t 2 B b . g + — [c{uj f ) - c {uj f ) , c(V/)] = t 2 B b . g + tTuj F (Vf). 
By Q7.6JI and the Duhamel principle, one has 

(7.8) e~ A l.t,T = e - A it, T 

n . 

+ J^(-l) fe / e^^ATQ.Te"' 2 ^.^ • • • C t , T e~ %+xA ^dtx ■ ■ ■ dt k 
k=i Ja * 

+ (-l) n+1 j e -^ A it,T CtiT e- t2A l^ ■ ■ ■ C t , T e- tn+2A l^dh ■ ■ ■ dt n+1 . 

Lemma 7.2. There exists C > such that for any T > 0, s G Q*(M, F), one 
has 

(7.9) \\B big s\\ 2 < Co (\\s\\l + \\(D g + Tc(Vf)) s\\l) . 

Proof. Since both b F and g F by assumption are flat near the set B of critical 
points of the Morse function /, by (|6.3[) and we find that there exists 

5 > such that 

(7.10) B b>g = 

on U xeB B^(2S), where for each x £ B, B^(25) C M is the ball of radius 25 
centered at x. 

Let ip > be a function on M such that supp(V') C M \ Ux^bB^ 1 (5) while 
t/) = 1 on M \ Ua; gj B-B* f (|(5). Then by (j7,l()|) and the standard elliptic estimate, 
there exists C\ > such that for any s G Q*(M, F), 

(7.11) II^H 2 = ||B 6 , fl (^)||J < d + \\D g ty8)\\l) . 

Also, by (|4.18l) and (j4.19f) it is clear that there exists Ci > such that for 
any T > and x E M \ U x . eBj B* f (5), 

(7.12) T [Z> ff ,c(V/)] + T 2 \Vf\ 2 > -C 2 . 



33 



From (|7.11l) and (|7.12|) . one deduces that there exists C3 > such that for 
any T > and any s£ff (M, F) , one has 



(7.13) \\D g (^s)f < C 2 \\M\o + ((Dg + Tc(Vf)) 2 (^),# 



= C 2 \\H\o + KD g + Tc{Vf))(iPs)f 

<C 3 {\\sf + \\(D g +Tc(Vf)) S \\l). 

From tTTTl and (T7TT|) . one gets (f7TT?|> . Q.E.D. 

By (|7.5|) . Lemma 17.21 and proceed as in |CH1 Lemma 2.8] and |Fel Lemma 
1], one finds that there exists C4 > such that for any t > 0, u > verifying 
ut 2 < 1 and T > 0, 



(7.14) ||exp (-«AJ AT ) ^IL-! < Qn-ir 1 Tr 



cxp 



A 2 



Similarly, as 
(7.15) 



uj f = 



on U x& bB^ (25), one deduces that there exists C5 > such that for any u > 0, 
t > 0, T > 0, 



(7.16) ||exp (~uA 2 gAT ) IV^V/)^ < C 5 u~* Tr 



exp 



A 2 ^ 
A g,t,T 



From ffBTHf) . l(63|l . (|77T)l . (|77TH) . (f77T^) and proceed as in ((6TT2|) . one sees that 
for any > 1 and t > 0, U > for 1 < z < A; + 1 with X^iSi 1 k = 1) one nas 



(7.17) 



< (C 4 + C 5 )^ fc (ti---i t J-tTr 



e 2 



From H7.17() and proceed as in (|6.13|) . one has for any k > 1 and t > that 
(7.18) 

< (2(C 4 + C 5 )t) fc Tr 



e -^ A h,TC t T e~ t2A lt,T ...c t T e"* fc+lA ^^dti • • • dt k 



e 2 



From (|7.8|) and (|7.18j) . one gets that at least for < t < min{l, ^ Ca+c ^ } 
and T > with iT < 1, one has 

(7.19) e _j4 M.T = e - A 9,t,r 
+00 . 

+ ^2(-l) k / e~ tlA l^c ttTe - t2A lt,T . . . C t ,Te~ tk+lA ^^ T dtx ■ ■ ■ dt k . 
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Prom (6.6), (fTTSj) . fTTfljl and jBZTl (12.34)], one finds that for any < t < 

^ 4(C4+C 5 ) > alld 1 

exists Cq > such that 



min{l, 4(^^(7^ } an d T > with fT < 1, one has that for any r > 0, there 



(7.20) 



|exp(-4 itiT )|| r < 



Prom (|71i]l . (|7l6|) and (fT20|) . one can proceed as in (|6~T2|) and (|6~T5j) to 

see that there exists CV > such that for any t > small enough and T E [0, 4], 
one has 



(7.21) 



TV, 



n+l 



JV e - flA 9AT(7 tiTe -fe^, t ,T . . . c i)T e" 



tn + 2A b t T 



dti ■ ■ ■ dt n+ i 



< C 7 t. 



Now for any x E M, we introduce the coordinates and identification around 
x as in Section and use the Getzler rescaling introduced in (|6,21j) . with t 
there replaced by t 2 here. By using (|7.7|) . one has 



(7.22) 



G t 2 (Q, T ) = G t2 (i 2 £ b , s ) + *1V F (V/). 



From (|6.21|) - (j6.29|) . (|7.22j) and proceed as in BZ1 ( Section 13], one deduces 
that there exists Cs > 0, < d < 1 such that for any 1 < k < n, < t < d, 
T > with tT < 1, 



(7.23) 



TV, 



Ne~ tlA S'*> T C t T e~ t2A ^^ T ■■■C t T e~ tk + lA l^.T 



dt\ ■ ■ ■ dtk 



<C 8 t, 



while for k = 1 one has for any < t < d, T > with tT < 1 and < t\ < 1, 
(7.24) 



Tr, 



T 



M 



Tr[cu F (Vf)]Lexp(-B T2 ) 
<C s t 



Now from fBZTl (3.9)], jBZTl (3.52)], jBZTl (3.53)], (|23E)i . (IP) . (HOI) and 
(|7.2j) . one deduces that 

(7.25) 

/ / Tr [^(V/flLexpC-Bra) = / / i v/ (TV Lexp (-5 r2 ) 

J M J JM J 

= 11 Tr [oj f ] i vf (L)exv(-B T 2) + [ [ TV [oj f ] Li vf (exp (-B T2 )) 

JM J JM J 



1 

' 2 
1 

2 



M 



B 



Tr[u; F ]Vfexp(-B T 2)-- 



M 



Tr [u 1 



M 



B 



Vfexp(-B T2 )- 



M 



Tr [u 1 



Tr[u, F ]LV™(exp(-5 T2 )) 



V™(L(exp(-S T2 ))) 



M 



[F,g F )-9{F,b F )) / V/exp(-5 T2 ) 
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Prom (f7THf> . (|7T7T|) and lfT23*|) - l|T2*5Tl . one gets (J73J), which completes the 
proof of Theorem 17. II Q.E.D. 



8 Proof of Theorem EHI 

In view of 1|3.18|) and |BZ21 Theorem A. 2], in order to prove Theorem 13.81 we 
need only to prove that for any T > 0, 



(8.1) 



lim ( Tr, 



Nexp(-A 2 bt T 



Tr, 



JVexp(-^ jt T 



0. 



First of all, by (j7.18j) . there exists < C < 1 such that when < t < C , 
one has 



U) 



-hA 2 T -t 2 A 2 T -t k+1 A 2 rp 

e o^C.Te ^■■■C.re dt x - ■ ■ dt k 

A, 



< 



2CV 



Tr 



-i T 



e 2 



Thus we have the absolute convergent expansion formula 

-A 2 -A 2 

(8.3) e m -t - e 9 ''-t 



V(-l) fc / e M ^?C t Te t2A l^...C tZ e %+lA ^ dt x ■ ■ ■ dt k 



k=l 



Since T > is fixed, by [HZT1 (12.34) and (15.22)], there exists C x > such 
that for < i < C , 



(8.4) 



Tr 



9^T 



e 2 



< 



From ()8.2|) and (|8.4|) . one sees that 



k=n 



, f ~t\A 2 rp -tlA 2 rp -t k + 1 A 2 rp 

1.5) J2(-l) k J e ^TC t Te ^•••C^e dh ■ ■ ■ dt k 



is uniformly absolute convergent for < t < Cq. 

Let V' > be the function on M defined in Section [7| Then by definition 
one has 



(8.6) 



C t T = ll)C t T = C f tV = i ) C t Tip. 



From (|8.3j) one sees that for each k > 1 and any T > 0, < t < Co and 
(ii, • • • , ifc+i) G Afc, since 5^i=i *i = 1, there is j € [1, fc+1] such that tj > ^rj-j-. 
We here deal with the case where j = k + 1, the other cases can be dealt with 
similarly. 
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From (EU), (|E2J, C2J, CZZB)] (ESI), (EH) and proceed as in (f(H2j) . one 

has that for any • • • , tfc+i) G A fc \ {i a • • • = 0}, 



(8.7) 



Tr s 



-tiA 2 T — tiA 2 - -t fc+1 A 2 T 

iVe 9 -*'TaTe »-«.?... C.re 9 '<-t 



Tr s 



iVe 9 -*-tC, re ^t---C,t# 



<C 2 



-tl/1 2 „ 



e 9 ^C.t 



'fc+i 



< c 3 t fc (ii---i fe r^iv 



9,*, 



e 2 



C fc + 1 42 
, 2 „ * T 



for some positive constants C2 > 0, C3 > 0. 

From (|8.4j) . <|8.T|) and the assumption that t^+i > ^xf, one gets 



(8.8) 



L 



Tr, 



-tlA 2 m -t2^ 2 _ -t k + 1 A 2 _ 



< C 4 i 



k—n 



ifte 



dt\ ■ ■ ■ dtj. 
1 42 



for some constant C4 > 0. 

By (|8.8[) one need to estimate 



(8.9) 



A 2 



r A 2 



2{k+1) i/je 2(k+1) 



T A 2 



ijje 



\A 2 



< 



Tr 



M 



ip(x)S_ 



/k+l' y/k + 1 t 



(x, x)ip(x) 



dvol x , 



where as in |BZ11 Section 14], S t r(x,y) for x, y G M denotes the kernel of 

exp(— A 2 t T ) with respect to the Riemannian volume dvol g TM. 

Now since Supp(V>) C M \ U x ^bB x (5), by jBZll Proposition 14.1], one sees 
that there exist C5, Cg > such that 



(8.10) 



Tr 



M 



ip(x)S_ 



1 T 



/k+l' -/k+l t 



(x, x)ip(x) 



dvo\ x < C 5 exp (^--^J ■ 



From (|8.3p . (|8~H)) - (|8~TU|) and the dominate convergence, we get (jHHJ, 

which completes the proof of Theorem 13.81 Q.E.D. 
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9 Proof of Theorem [32 



In view of (|3.19|) and |BZ2l Theorem A. 3], in order to prove Theorem 13.91 we 
need only to prove that there exist c > 0, C > 0, < Cq < 1 such that for any 
< t < C , T > 1, 



(9.1) 



TV, 



Nexp[-A 2 bt T 



Tr, 



Nexpl-A^T 



< cexp(-CT). 



First of all, one can choose Cq > small enough so that for any < t < Co, 
T > 0, by (|8.3|1 . we have the absolute convergent expansion formula 



~ A. rp ~~ A. ^ , 



(9.2) e b ^T-e B '*'T 



£(-D 



fc=i 

from which one has 



e ^TC.re C t T e dt x ■ ■ ■ dt k , 



(9.3) Tr, iVexp -vl 



Mr 



Tr, 



^exp(-A^T 



E(- 1 ) fe / ^ 



fc=i 



Ne ^TC.re '^•••C.re 9 ' 4 -t 



(iii • • • dtk- 



Thus, in order to prove (|9.1|) . we need only to prove 

+0O 

( 9 - 4 ) £ 



fc=i 

+ 0O 

= £ 

fc=l 



Tr, 



s.t.4- 



dti • • • dtfe 



Tr, 



A -(h+t k+1 )A 2 -t 2 A 2 T 

Ne 9 '''tC, re ...(7. t 



dii • • • cttfc 
< cexp(-CT). 



Let ip > be the function on M defined in Section [7| By (|8.6[) . we have for 
anyt>0, T > 1, (ii, • ■ ■ ,t fc +i) € A fc \ {ti • • • t fc+1 = 0}, 



(9.5) Tr, 



iVe 



-(ti+t fc+ i)A 2 ^ , 



Tr, 



<t 1 +t k+1 )A 2 



-t 2 A 2 



We first state a refinement of the estimates (|6.11|) . ()7.14|) and ()7.16j) . 

Lemma 9.1. There exists C\ > such that for any < u < 1, < t < 1, 
T > 1, one has 



(9.6) 



-uA 2 



tpe 9 ^TC t T 



< C x u~n Tr 



2 V? 



— 2£ 4 2 

9,t, t 
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Proof. From (|7.9j) . (|7.15|) and (|7.16() . one has that there exists constant 
C 2 > 



(9.7) 



From Q6.8|) and l)9.7j) . one gets 



-uA 2 



(9.8) ipe 9 '''TC t T 



< 



/ ~~ n i T 

ipe 3 ' 'T 



— -^4 2 

e 4 



tl 42 
ipe ff,t 'T 




u 4 2 













M 2 



4 ff.t,i 



< C 4 u~2t Tr 



2 „ + T 

e 9,t 'T 



_ u a2 



for some positive constants C3 > 0, C4 > 0. 

The proof of Lemma |Q. II is completed. Q.E.D. 



Lemma 9.2. There exist < c\ < 1, C5 > 0, C% > sttc/t i/iai /or any 
< it < 1, < t < c\, T > 1, one has 



(9.9) 



-*M 2 



< C5 exp (—CquT) . 



Proof. From (j4.13j) and (j7.5|) . one has 



(9.10) 



< t| Z = t 2 ( A, + I^(V/) 



t 2 D 2 T . 

9,77 



Since T > 1, it is known (cf. |Slj ) that there exists < c\ < 1, C2 > 0, 
C3 > such that for any < i < ci, the spectrum of Z) 2 T splits into two parts: 



(9.11) 



Spec ( D^t I c 



0, exp 



C2T 
' i 2 



u 



C3T 
t 2 



+00 



For < t < c\ and T > 1 let Q ° denote the orthogonal projection from 
L 2 (ft*(M, F) to the direct sum of the eigenspaces of D 2 T corresponding to the 
eigenvalues lying in [0, 1]. Let Q - M / '' ' ' 



Id — Q T ' . Then it is known that (cf. 



[BZT1 (7.20)]) Im(Q [ °' 1] ) is a finite dimensional space. 
Now we write 

(9.12) = ipe'^ ( + 



< 



ipe 



t2 

-uA 2 



T 

71 



+ 



ipe s,t, TQ' T ' ; 
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From (|9~TU)) and (gTTTJ), one sees that 



ipe 9 ' t 'TQ [ T '^ ' 
71 



(9.13) 

From ()9.11j) one has 



< 



-uA 2 



T „[l,+oo) 



< exp (— C311T) 



(9.14) 



-« A l t ,T n[ 0,l] 



Q T 

71 



< 



t { e' UA ^T - Id) 



+ 



i>Q [0 / ] 



< 



+ f 7 cxp j 



for some positive constants C4 > 0, C7 > 0. 

For any T > 0, let Jt be the map defined in (|4.31|) where we assume without 
loss of generality that the radius 4a there verifies 4a < 5. Then one has 



(9.15) 



i\)Jt = 0. 



By (j9~T5|l and [BZTl Theorem 8.8] and |BZ2l Theorem 6.7], an analogue of 
which has been proved in Theorem 14.31 one sees that there exist Cs > 0, C5 > 
such that 



(9.16) 



ijQ l °r 1] J T 
72" 7 1 



< Cg exp 



£5T\ 
" t 2 J 



From (|9.16|) one deduces easily that there exist Cg > 0, cq > such that 



(9.17) 



i>Q [0 / ] 



< Cg exp 



From (|?m )l - (|D~T4) and (j$T71) . one gets (FOl . 

The proof of Lemma 19.21 is completed. Q.E.D. 

From Lemmas 19.11 and 19.21 one deduces that for any < t < min{Co, ci}, 
T > 1 and (h, • • • , t k+ i) G A fc \ {ti • • • t k+ i = 0} that 



(9.18) 



-{h+t k+1 )A 2 t T -t 2 A 2 T 



< 



ipe 



(ti+t k+1 )A 2 T 
g,t,4- 



< {dc^ty ((ti + ijt+i) i 2 • • • i fc )-3 TV 



i4 2 

2 „ t T 



exp 



C 6 T 



By |BZ11 (15.22)], one sees that there exists C\g > such that for any 
< t < min{C , ci}, T > 1, 



(9.19) 



Tr 



9,*, 



< c 



10 ■ 



T2 
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From (|9.5|) . Q9.18|) and (|9.19() . one sees that there exists C\\ > such that 
for any k > 1, 



(9.20) 



Tr s 



A, 



t\AP" rj-i toAP" rp tffA_-\ A.^ rp 



<C n (2C 1 C s t) k ^-exp 



dt\ ■ ■ ■ dtfc 
C 6 T 



from which one sees that there exist < c-j < min{Co, ci}, C\i > 0, C13 > 
such that for any < t < C7 and T > 1, one has 



(9.21) 



tiA 2 T -i 2 A 2 T -t k+1 A 2 T 



Ne v^TC.re ».*.t ...(Xre 



9>*>T 



dti • • • 



< Cia exp (-C13T) 



On the other hand, for any 1 < A; < n, by proceeding as in l|8.8|) . one has 
that for any < i < C7, T > 1, 



(9.22) 



Tr, 



-tiA 2 „ — tiA 2 _ -t fc+1 A 2 _ 

iVe ^-TOe -C7 + T e 9 '<-t 



'!/'.'e 



cZti • • • dtk 

— - — A 2 



for some constant C14 > 0. 

Now since Supp(V>) C M \ U x ^bB x (5), by jBZll Proposition 15.1], one sees 
that there exist C15, C\e > such that any < t < C7, T > 1, 



(9.23) 



Tr 



1 T 



/fe+T ' v / fc+T 4 



(x, x)ijj(x) 



dvol x < C15 exp 



t 2 



From (|8.9|) . I)9.22j) and (|9.23|) . one sees immediately that there exists Cyj > 
0, Ci8 > such that for any 1 < /c < n — 1, < t < c-j and T > 1, one has 



(9.24) 



Tr, 



At 



Ne ^C.re • • • C t re 9 '*'T 



dii • • • dtk 

< Cne~ CwT . 



From ifOjl . (l9~2TT) and (l9~24l . one gets (l9~TT) . 

The proof of Theorem 13.91 is completed. Q.E.D. 



10 Euler structure and the Burghelea-Haller conjec- 
ture 

In this section we recall several symmetric bilinear torsions introduced by 
Burghelea-Haller |BuHl| IBuH2j which are defined by using the Euler struc- 
ture introduced by Turaev [Tj. We then apply our main result, Theorem 13.11 
to prove a conjecture due to Burghelea and Haller [BuH21 Conjecture 5.1]. 
Some applications on comparisons of various torsions are also included. 
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10.1 Euler and coEuler structures 



Let M be a closed oriented smooth manifold, with dimM = n. We assume 
the vanishing of the Euler-Poincare characteristics of M, that is, x{M) = 0. 
The set of Euler structures with integral coefficients, Eul(M; Z), introduced by 
Turaev [Tj, is an affine version of H\(M; Z). 

Let X G T(TM) be a non-degenerate vector field on M which means X : 
M — > TM is transversal to the zero section. Denote its set of zeros by zero(X). 
For every x G zero(X), there is a well-defined Hopf index INDx(a^) G {±1}- 

Any Euler structure can be represented by a pair (X, c) where c G C^ ing (M; Z) 
is a singular 1-chain satisfying 

(10.1) dc = e{X):= WD x (x)x. 

x£zero(X) 

Since x(M) = 0, t ne existence of c is clear. 

Lemma 10.1. ( BuH2 ( Lemma 2.1]) Let M be a closed smooth manifold with 
x(M) = 0, let e G Eul(M ; Z) 6e an Euler structure, and let xq £ M be a base 
point. Suppose X is a non- degenerate vector field on M with zero(X) ^ 0. Then 
there exists a collection of paths a x , o x {Q) = xq, a x {l) = x, x £ zero(X), so 
that 



(10.2) 



X, Yl ^Vxix)^ 

a:Szero(X) 



The set of coEuler structures Eul*(M; C) is an affine version of H n ~ 1 (M; C). 

Let g™ as before be a Riemannian metric on M with the associated Levi- 
Civita connection denoted by V™ . 

Any coEuler structure can be represented by (g™ , a) for some a G Q n ~ l (M) 
such that 

(10.3) da = e (TM, V™) , 

where e(TM,V™) is the Euler form defined in (f2~27|) . Since x(M) = 0, the 
existence of a is clear. 

If [X, c] G Eul(M; Z) and [g™,a] G Eul* (M; C), we call [g™,a] is dual to 
[X, c] if for any closed one form uj G 1 (M) which vanishes in a neighborhood 
of zero(X), 

(10.4) ( to A (X*tp (TM, V™) - a) = /w, 



where i/j(TM,V™) is the Mathai-Quillen current ( [MQ| ) associated with g™ 
defined in jBZll Definition 3.6]. 

For any [X, c] G Eul(M; Z) and g™ , the existence of a is proved in |BuHl| 
IBuH2j . 
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10.2 A proof of the Burghelea-Haller conjecture 

We make the same gemteric assumptions as in Section |3| We also assume 
X(M) = as in the previous subsection. 

Recall that we have the Thom-Smale cochain complex (C*(W U , F),d) asso- 
ciated to a Morse function / and a Riemannian metric g verifying conditions 
in Section |3~T1 

Let xq E M be a fixed base point. 

Let e be an Euler structure. 

For every critical point x £ B of / choose a path a x with a x (0) = xo and 
a x (l) = x so that [V/, ^ a:gB (— l) md ^ x 'V x ] is a representative of e (cf. Lemma 
fTTTT]) . 

Let &x Q b e a nondegenerate symmetric bilinear form on the fiber F XQ over xo- 
For x £ B define a nondegenerate symmetric bilinear form b x on by parallel 
transport of b Xo along a x with respect to V^. The collection of symmetric 
bilinear forms {b x } x ^B defines a nondegenerate symmetric bilinear form on the 
Thom-Smale cochain complex (C*(W U , F),d), which in turn defines an induced 
symmetric bilinear form on det H*(C*(W U , F), d). 

Since x(M) = 0, one sees easily that the above induced symmetric bilinear 
form on det H*(C*(W U , F), d) does not depend on the choices of {cr x } x ^Bi %o 
and b XQ . It depends only on F, e and V/. We call it the Milnor-Turaev 
symmetric bilinear torsion and denote it by Tp^. 

On the other hand, let b F be a nondegenerate symmetric bilinear form on 
the flat vector bundle F. 

For any a 6 Q n_1 (M) such that da = e(TM,V™), following Burghelea 
and Haller |BuHll IBuH2j , one defines 



(10.5) 



^~F\g™ ,b F ,a = ^(M,F,g™ ,b F ) ' {F, b F ) A a 



and call it the Burghelea-Haller symmetric bilinear torsion. 

By |BuH2l Theorem 4.2], we know that 1 TM bF a does not depend on the 
choice of g™ and the smooth deformations of b . Thus we now denote it by 



an 
T F,b F ,a 



We can now state the following equivalent version of the Burghelea-Haller 
conjecture |BuH2l Conjecture 5.1]. 

Theorem 10.2. If t = [V f,^, xEB (-l) ind ^a x ] and (g™,a) are dual in the 
sense of {10.$ , then we have 

Proof. By |BuH21 Theorem 4.2], we may well assume that b F is flat near B. 
Then 9{F,V F ) = near B. 
By (fTTH)) . one has 

(10.7) f (F, b F ) (X*ip {TM, V™) - a) = 1 6 (F, b F ) , 

JM Jc 
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where c = Exes (-l) ind{x) ^. 

From Theorem 3.1 and (|1U.7|) . we have in noting X = V/ that, 

(10.8) P*** (t- f J = P^ H (bf* FgTMbF) ) ■ exp 9 (F, b F ) A a 
= b W,F,br,-xy e *P (" J 6 ( F > hF ) (™> V™)) -exp (7 (F, b F ) A 

= • ex P ( * ( F ' bF ) A (« " *V (™, V™))) 

By |BuH21 (46)], we have 

(10.9) r* c = ftft^ _ x) • exp (- jf (F, F )) . 



By 1TTT7H1) and (TTTE?|) . we get JTHTHft . 

The proof of Theorem 110.21 is completed. Q.E.D. 



Corollary 10.3. XYie Burghelea-Haller torsion t^ f does no£ depend on b F 
and the representative a. 

Remark 10.4. In view of the remarks given in |BuHll Section 7.3], Theorem 
110.21 provides an analytic interpretation of the Alexander polynomial in knot 
theory. 

10.3 Comparison of FgTM bF ^ with the usual Ray-Singer tor- 
sion 

We still assume xC^O = 0- 

Let g F be a Hermitian metric on F. Then one can construct the Ray- 
Singer analytic torsion as an inner product on det H* (M, F) (or equivalently 
as a metric on the determinant line, cf. |BZlj ). We denote the resulting inner 
product by bf^ IFgTAIgF) . 

In this section, we prove the following comparison result between foj^j. FgT M b F^ 
and b^f 4 F gTM gF ^ , which is also a consequence of |BrK31 (5.13)] and |BrK41 The- 
orem 1.4]. 

It is clear that the absolute value of the ratio of the symmetric bilinear form 
and the inner product is well-defined. 



Proposition 10.5. 7/dimM is odd, then the following identity holds, 

(io.io) ■' — — - i. 



6 RS 

(M,F,g™ ,g F ) 
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Proof. Let e be an Euler class associated to V/ in the sense of Lemma llO.ll 
Let Tpf be the Redemeister inner product induced from the Euler structure e. 
Then one verifies easily that 



(10.11) 



1. 



Let [g™ , a], a £ Q n 1 (M), be dual to the Euler structure e in the sense of 
From (fTTDfl) . (fTTTHl) . and [BZTl Theorem 0.2], one deduces that 



(10.12) 



h RS 



exp ^(0(F,/)-0(f,6 F ))Aaj 



Note that the left hand side of (|10.12|) does not depend on the Euler struc- 
ture e. 

By choosing different Euler structures, one sees that for any real closed form 
7 E n n-1 (M) whose image in H*(M,R) lies in H*(M,Z), one has 

(10.13) Re (7 ( fl ( F >9 F ) ~ {F,b F ))A^ = 0. 

Then it is easy to see that (jl0.13j) should also hold for any real closed form 
7 E tl n ~ 1 (M). As a consequence, we get the following equality in H (M, R) 

(10.14) Re[9{F,b F )] = [9 (F,g F )] . 

Since dimM is odd implies e(TM, V™) = 0, by (TTTH1) . (I1().12|l and (110.141) . 
we get (110. 101) . 

The proof of Proposition 110.51 is completed. Q.E.D. 

Remark 10.6. In the general case that dimM need not be odd, by the con- 
sideration in the proof of BuH2 ( Theorem 5.9], one sees that there exists an 
anti-linear involution J F : F — > F such that 

(10.15) 

( J F ) 2 = Lip, b F (j F u, v) = b F {u, J F v), b F (u, J F u) > 0, u, v E F. 
Then 

(10.16) g F (u, v) := b F (u, J F v) , u, v E F, 

defines a Hermitian metric on F. From (|10.16|) . we get 



(10.17) 



vy = (J F )~ 1 ( {b F )~ L V F b F ) J F + (J F )~ L V F J F . 



F^ 1 I (i,F\- 1 r7Fi,F 



tFA" 1 vjF T F 



From (|l().17j) . one gets 

(10.18) 9(F,b F )=9(F,g F )-Tv[(j F y 1 V F J F 
from which we get 

(10.19) Re{9(F,b F ))=9{F,g F ), 
which provides a direct proof of (|10.14j) . 
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10.4 On Braverman-Kappeler's approach 



When M is of odd dimension, Braverman-Kappeler HrK 1 - Bi K Q developed 
another approach of complex valued analytic torsions. In particular, a compari- 
son result between the analytic torsions defined in BrK2 and BuH2 is proved 
m |BrK4l Theorem 1.4]. 

Here we point out that with the help of Theorem 110.21 one can identify, at 
least up to ±, a locally constant defined in |BrK31 (5.11)] on the moduli space 
of representations of the fundamental group %\{M). Indeed, this follows from 
BrK4j (5.4), (5.5)] and the proved Burghelea-Haller conjecture (cf. |BrK4, 
Conjecture 1.9 and Theorem 1.10]) immediately. We leave the details to the 
interested readers. 
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